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Abstract. In this paper we establish formulae for the inflationary slow-roll parameters , η
and ζ as functions of the Ricci scalar R for f(R) theories of gravity. As examples, we present
the analytic and numerical solutions of , η and ζ as functions of the number of e-folds N
in two important instances: for the Starobinsky model and for a f(R) reconstruction of the
α-Attractors. The highlight of our proposal is to rewrite the slow-roll parameters in terms
of f(R), which allows to find directly ns, r, αs and f
equil
NL as functions of R itself. We obtain
that both models indicate a small contribution to the non-Gaussianity parameters, which are
in good agreement with current observational constraints.
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1 Introduction
Cosmology has entered an era of relevant progress in high-precision observation. In this
landscape the determinations of the cosmological parameters has led to a clear picture of the
history of our universe that seems to favor the inflationary scenario [1–3]. In this context,
departures from the statistical isotropy of the perturbations [4], from their adiabaticity [5]
and from Gaussian initial conditions [6, 7] are under scrutiny in order to test the inflationary
paradigm, being that any observed deviation from these conditions would open new studies
related to the inflationary scenario.
Furthermore, a future detection of large non-Gaussianities in the Cosmic Microwave
Background (CMB) would falsify the simplest inflationary scenario, namely the single-field
slow-roll inflation. Thanks to CMB observations performed by the WMAP satellite [8] via
its information of the scalar spectral index ns as well as the tensor-to-scalar ratio r, some
of these models have been already ruled out. While the observables ns and r are derived in
linear cosmological perturbation theory, it is also possible to distinguish among inflationary
models by comparing non-Gaussianity of primordial perturbations with the Planck survey
data [9], where the canonical single field slow-roll inflation can only give rise to negligible
amount of non-Gaussianity.
Along these lines of thought, effort has been made in exploring the production of large
non-Gaussianities in single and multiple-fields inflationary models [10]. For single-field in-
flation, large non-Gaussianities are easily produced in models with a small speed of sound.
But for multi-field models, the non-Gaussianities can still be larger so computing them is an
important step towards understanding N-flation.
In these regards, first quantitative studies about primordial power spectra of scalar and
tensor perturbations for an inflationary model have been presented in [11]. Furthermore,
f(R) models have been considered in order to compute the spectrum of primordial scalar
perturbations generated in this inflationary stage [12, 13]. On a parallel set of developments,
there has been recent interest in developing an analogy at high curvature R between f(R)
models and the α-Attractors [14, 15]. Inspired by these analysis, in this work we propose
a mapping between the slow-roll parameters and non-Gaussianities using a generic form of
f(R) in order to find an easy way to add these results as a pipeline over the constraining of
the observational parameters. By generic form of f(R) we mean that in principle we could
obtain the slow-roll parameters for any f(R), since to apply our definitions we just need a
f(R) model and its derivatives in terms of R. On the other hand, we need to stress that
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slow-roll inflation may only occur for the range of R in which f(R)/R2 is a slowly changing
function of R, namely, where its first and second derivatives with respect to lnR are small
by modulus, as shown in [16].
2 Inflationary background in f(R)
We start with the usual f(R) action given by:
S =
M2Pl
2
∫ √−gf(R)d4x , (2.1)
where MPl is the Planck mass and f(R) is an arbitrary smooth function of the Ricci scalar
R. The field equations, associated to this action, are given by:
Rµνf
′(R)− 1
2
gµνf(R)−∇µ∇νf ′(R) + gµνf ′(R) = 0, (2.2)
where f ′ = ∂Rf . The above field equations can be recast as:
f ′(R)Gµν = gµν
f(R)− f ′(R)R
2
+∇µ∇νf ′(R)
−gµνf ′(R) , (2.3)
and read effectively as the usual Einstein equations Gµν = κT
eff
µν if we define:
T effµν =
1
κf ′
[gµν
2
(f − f ′R) + (∇µ∇ν − gµν)f ′
]
, (2.4)
as an effective energy-momentum tensor. From now on we drop the explicit dependence of
f(R) on R in order to keep a lighter notation.
Also we will consider a homogenous, isotropic universe described by a flat metric:
ds2 = −dt2 + δijdxidxj . (2.5)
Under these assumptions we vary the action to obtain the following modified Friedmann
equations
3H2 =
1
f ′
[
Rf ′ − f
2
− 3HR˙f ′′
]
, (2.6)
2H˙ + 3H2 = − 1
f ′
[
f −Rf ′
2
+ 2HR˙f ′′ + R¨f ′′ + R˙2f ′′′
]
, (2.7)
where the dot denotes derivation with respect to the cosmic time t. Also, we have from the
Ricci scalar definition that:
H˙ =
R
6
− 2H2 . (2.8)
A second-order differential equation for H can be obtained by substituting Eq. (2.8) in
the modified Friedmann equation Eq.(2.6):
H¨ + H˙(4H − λ)− λH2 + f
36Hf ′′
= 0 , (2.9)
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where we have defined λ ≡ f ′(6Hf ′′)−1. This latter has been already analysed for the case
f(R) = R+αR2 in [1, 6]. Also, it has to be noted that equations for a spatially flat universe
given by Eq.(2.5) can be reduced to one first-order differential equation, for instance see [17].
As an illustrative example on how we can recover the standard inflation scenario using
Eq.(2.9), let us consider an exponential f(R) model, due to its simplicity, of the form
f(R) = eξR . (2.10)
This choice can be justified by the fact that in the low energy limit ξR  1 we get f(R) =
1 + ξR, which recovers General Relativity (GR) with an additional constant term. See
e.g. [18–20] as pioneering works on exponential f(R) in inflation. Now, using Eq. (2.10) in
Eq. (2.9) we obtain the modified evolution equation
H¨ + H˙
[
4H − 1
6ξH
]
− H
6ξ
+
1
36ξ2H
= 0 . (2.11)
In the inflationary regime H ≈ constant, therefore we can propose a solution of the form
H = H¯ + H˙∆t+
H¨
2
(∆t)2 + . . . (2.12)
where H¯2 = 1/6ξ . With this solution, it is straightforward to calculate the usual slow-roll
parameters
 = − H˙
H¯2
, H˙ = −H¯, η = ˙
H¯
. (2.13)
The latter equations show how to recover the inflationary standard case with our toy model
given by Eq.(2.10). Nevertheless, metastable slow-roll inflation with a large number of e-
folds may not occur at all for this exponential function, since it violates the condition that
f(R)/R2 has to be almost constant. Furthermore, even if this kind of modification has as
initial motivation to describe unified inflation and Dark Energy expansions, they might have
singularity problems as discussed in [16].
3 Generic slow-roll parameters for a f(R) model.
After having understood how we can recover the usual GR slow roll parameters, a generic
f(R) theory can be mapped via a conformal transformation into GR with a matter content
constituted by a scalar field χ, defined in the following way:
χ ≡
√
3
2
MPl ln f
′ , (3.1)
provided that f ′ > 0, which is one of the conditions for a viable f theory (it corresponds to
an attractive gravity, instead of repulsive, and avoids thus Ostrogradsky instability). This
scalar field χ is subject to the following potential:
U ≡ M
2
Pl
2f ′2
(Rf ′ − f) . (3.2)
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To calculate the slow roll parameters, let us consider the definition
 ≡ M
2
Pl
2
(
Uχ
U
)2
, (3.3)
η ≡ M2Pl
Uχχ
U
, (3.4)
ζ ≡ M4Pl
UχUχχχ
U2
, (3.5)
where
Uχ ≡ dU
dχ
=
dU/dR
dχ/dR
. (3.6)
We can employ the definition of the field χ and its potential U in order to find:
 =
1
3
(
2f −Rf ′
Rf ′ − f
)2
. (3.7)
η =
2(f ′)2
3f ′′(Rf ′ − f) −
2Rf ′
Rf ′ − f +
8
3
, (3.8)
ζ =
4
9
(2f −Rf ′)
(Rf ′ − f)2
[
−f
′′′(f ′)3
(f ′′)3
− 3(f
′)2
f ′′
+ 8f −Rf ′
]
. (3.9)
Applying these generic formulae to the Starobinsky model f = R + αR2, we can easily
compute:
 =
1
3α2R2
, (3.10)
η =
1− 2αR
3α2R2
, (3.11)
ζ =
2(2αR− 3)
9α3R3
. (3.12)
It is straightforward to notice that the above slow-roll parameters tend to zero for αR→∞,
as we expect from the fact that the potential U defined in Eq. (3.2) presents a plateau for
the Starobinsky model for αR→∞.
It is remarkable that we are able to express the slow-roll parameters as functions of R
for any f(R) theory. However, in order to make contact with observation, we need to relate
R to the number of e-folds N from the end of inflation. We know that the total number of
inflationary e-folds should exceed about 60 in order to solve the horizon and flatness problems,
that is:
Ntotal = ln
aend
astart
≥ 60 . (3.13)
The precise value depends on the energy scale of inflation and on the details of reheating
after inflation. The fluctuations observed in the CMB are created during approximately
NCMB ≈ 50 − 60 e-foldings before the end of inflation. Therefore, we use these numbers to
have a precise prediction on the values of the slow-roll parameters and then on the spectral
index.
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A simple way to compute N for a generic f(R) theory in the slow-roll approximation is
the following:
N ≈ 1
MPl
∫ χ2
χ1
dχ
1√
2
=
3
2
∫ Ri
Rf
dR
(
f ′′
f ′
)
Rf ′ − f
2f −Rf ′ , (3.14)
where the subscripts i and f over the integral denote an initial arbitrary moment during the
inflationary phase and the final period of inflation, given by the condition f ≈ 1.
In order to perform the integration in Eq.(3.14), we need an explicit form for our f(R)
theory. Again, for the Starobinsky model we get:
N ≈ 3
∫ Ri
Rf
dR
α2R
1 + 2αR
∼ 3
2
α(Ri −Rf ) , (3.15)
where we are assuming αR  1, which is a necessary condition to have an inflation stage.
Considering Ri  Rf and dropping the subscript i, we can write:
αR ∼ 2N
3
. (3.16)
Now we are able to write the slow-roll parameters as:
 =
3
4N2
, η = − 1
N
, ζ =
1
N2
, (3.17)
and the tensor-to-scalar ratio and scalar spectral index as:
r ≡ 16 = 12
N2
, ns ≡ 2η + 1 = 1− 2
N
, (3.18)
which for N = 50− 60 give predictions in very good agreement with observations.
The running of the spectral index can be written as:
αs ≡ dns
d ln k
= −2ζ + 16η− 242 = − 2
N2
, (3.19)
which it is of the same order of the tensor-to-scalar ratio.
As a second case, we consider the β-model [15], which is a f(R) approximated recon-
struction of the α-Attractors:
f(R) = R+ σβRβ+1 +
σ
2
R2, (3.20)
where σ = (1 − β)2/3M2. We notice that when β = 0 we recover the Starobinsky model
modified by a constant in the linear term and when β = 1 we recover GR.
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Using Eqs. (3.7)-(3.8)-(3.9) we can compute the following slow-roll parameters and the
number of e-folds for this model:
 =
4
3
[
1 + (1− β)(σR)β
2β(σR)β + σR
]2
, (3.21)
η =
8
3
− 4
[
1 + (β + 1)(σR)β + σR
2β(σR)β + σR
]
(3.22)
+
4
3
{
1 + 2(β + 1)(σR)β[1 + σR] + (β + 1)2(σR)2β + 2σR+ (σR)2
σR [β(β + 3)(σR)β + σR+ 2β2(β + 1)(σR)2β−1]
}
,
ζ =
16
9
[
1 + (1− β)(σR)β]
[2β(σR)β + σR]
2
{
− β(β + 1)(β − 1)
[
1 + (β + 1)(σR)β + σR
]3
(σR)β
(σR)3 [1 + β(β + 1)(σR)β−1]3
−3
[
1 + (β + 1)(σR)β + σR
]2
σR [1 + β(β + 1)(σR)β−1]
+ 7 + (7− β)(σR)β + 3σR
}
, (3.23)
N =
3
4
∫
d(σR)
[
2β2(β + 1)(σR)2β−1 + β(β + 3)(σR)β + σR
1 + 2(σR)β + (β + 1)(1− β)(σR)2β + (1− β)(σR)β+1 + σR
]
.(3.24)
As it was shown in [15], the viable range for β, determined from the Planck 2015 constraints
on ns and r, is 0.1 < β < 0.9.
As in the Starobinsky case, expressed by Eq. (3.15), we assume that σR 1. Therefore,
Eq.(3.24) can be approximated to:
N ≈ 3
4
∫ σRi
σRf
d(σR)
σR
(1− β)(σR)β+1 ∼
3
4
(σR)1−β
(1− β)2 . (3.25)
This latter allows us to express , η and ζ in terms of N as
 =
3
4(1− β)2N2 , (3.26)
η = − 1
N
, (3.27)
ζ =
1
(1− β)2N2 . (3.28)
We choose β = 1/2 and N = 60 as an explicit example in order to compare its predictions
for the slow-roll parameters, and consequently the non-Gaussianity function, with those of
the Starobinsky model. For this case the slow-roll parameters of the β-model are estimated
as:
(β=1/2) = 8.3× 10−4 , (3.29)
η(β=1/2) = −1.6× 10−2 , (3.30)
ζ(β=1/2) = 1.1× 10−3 , (3.31)
from which we can compute the tensor-to-scalar ratio, scalar spectral index and running of
the scalar index as:
r = 0.013 , ns = 0.966 , αs = −0.002 . (3.32)
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We show the evolution of the slow-roll parameters  and ζ for the Starobinsky model
and the β-model, with β = 1/2, as functions of N in Figure 1. The evolution of the tensor-to-
scalar ratio versus the scalar spectral index for the Starobinsky model and for the β-model,
with β = 1/2, are shown in Figure 2. For completeness, we express αs for the Starobinsky
model and the β-model, with β = 1/2 versus N and the evolution of αs vs β are presented
in Figure 3.
50 60 70 80 90 100
0.0000
0.0002
0.0004
0.0006
0.0008
0.0010
0.0012
N
ϵ
50 60 70 80 90 100
0.0000
0.0005
0.0010
0.0015
N
ζ
Figure 1. Left Panel. Evolution of  as function of N for the Starobinsky model (solid line) and the
β-model with β = 1/2 (dashed line). Right Panel. Evolution of ζ as function of N for the Starobinsky
model (solid line) and the β-model with β = 1/2 (dashed line).
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.004
0.006
0.008
0.010
ns
r
0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.010
0.015
0.020
0.025
0.030
0.035
0.040
ns
r
Figure 2. Left Panel. Prediction of the Starobinsky model for N = 50 (dashed line) and N = 60
(dotted line) on the space (ns, r). Right Panel. Prediction of the β-model for N = 50 (dashed line)
and N = 60 (dotted line) on the space (ns, r).
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Figure 3. Left Panel. Evolution of αs as function of N for the Starobinsky model (solid line) and
the β-model with β = 1/2 (dashed line). Right Panel. Running of the spectral index for the β-model
showing the cases : N = 50 (dashed line), N = 60 (dotted line) and N = 100 (solid line).
– 7 –
4 Generic non-gaussianities for a f(R) model
The slow-roll parameters defined in Eqs. (3.3) from the potential U are related to the ones
defined from the Hubble parameter as follows:
U =  ≈ H , (4.1)
ηU = η ≈ H + ηH , (4.2)
ζU = ζ ≈ ζH + 2H(3ηH − H). (4.3)
Notice that for a successful inflation, we need  1, η  1 for a standard Starobinksy model
and additionally ζ  1 for an α-attractor model. Indirectly, large values of η are likely to
make  and ζ grow as well.
In standard inflation driven by a potential Uχ we have the equilateral non-linear pa-
rameter as [21]
f equilNL =
55
36
H +
5
12
ηH , (4.4)
therefore, using our definitions for the slow-roll parameters (4.1), we can have a generic
non-Gaussianity parameter for f(R):
f equilNL =
30
27
U +
5
12
ηU . (4.5)
From this generic result, we can express the non-Gaussianity parameter in terms of N for
the Starobinsky model as:
f equilNL =
15
18N2
− 5
12N
. (4.6)
and for the β-model:
f equilNL =
15
18(1− β)2N2 −
5
12N
. (4.7)
When we choose β = 1/2, the non-Gaussianity parameter becomes:
f equilNL =
30
9N2
− 5
12N
. (4.8)
In Figure 4 we present the behaviour of f equilNL , given by Eq. (4.7). Also, we show the non-
Gaussianity parameter for the Starobinsky model, given by Eq. (4.6), and for the β-model
with β = 1/2, given by Eq. (4.8), as functions of the number of e-folds.
5 Conclusions
In this paper we present formulae for the inflationary slow-roll parameters (, η and ζ) and the
non-Gaussianity function f equilNL to be used in any kind of f(R) proposals which satisfies the
condition for slow-roll existence, i.e., any f(R) that behaves like f(R)/R2 ≈ constant. Also,
as an example, we develop these quantities using the Starobinsky model and the β-model,
which is a f(R) approximate reconstruction of the α-Attractors class of inflationary models.
As shown in Figure 4, these two models provide small non-Gaussianity parameters, which
is in good agreement with recent constraints [21], that despite the agreement of the Planck
data sets with the Gaussian scenario, they do not rule out the presence of non-Gaussianities
of small intensity.
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Figure 4. Left Panel. Non-gaussianity parameter for the β-model showing the cases : N = 50 (dashed
line), N = 60 (dotted line) and N = 100 (solid line). Right Panel. Non-gaussianity parameter
evolution for the Starobinsky model (dashed line) and the β-model (solid line), with β = 1/2, as
functions of N .
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